We extend the recently introduced phaseless auxiliary-field quantum Monte Carlo (QMC) approach to any single-particle basis, and apply it to molecular systems with Gaussian basis sets. QMC methods in general scale favorably with system size, as a low power. A QMC approach with auxiliary fields in principle allows an exact solution of the Schrödinger equation in the chosen basis. However, the well-known sign/phase problem causes the statistical noise to increase exponentially. The phaseless method controls this problem by constraining the paths in the auxiliary-field path integrals with an approximate phase condition that depends on a trial wave function. In the present calculations, the trial wave function is a single Slater determinant from a Hartree-Fock calculation. The calculated all-electron total energies show typical systematic errors of no more than a few milli-Hartrees compared to exact results. At equilibrium geometries in the molecules we studied, this accuracy is roughly comparable to that of coupled-cluster with single and double excitations and with non-iterative triples, CCSD(T). For stretched bonds in H2O, our method exhibits better overall accuracy and a more uniform behavior than CCSD(T).
I. INTRODUCTION
Obtaining the solution of the Schrödinger equation, even within a finite Hilbert space, is an important goal in quantum chemistry and in condensed matter physics, both in its own right and for calibrating approximate methods. In quantum chemistry, a variety of approaches have been developed over the last fifty years, which range in quality from the mean-field Hartree-Fock (HF) to the exact full configuration interaction (FCI) solution. In between these two limits, a hierarchy of approximations have been developed which improve upon the HartreeFock solution at the expense of increasing computational cost [1] .
The FCI method is quite formidable computationally, because its cost grows exponentially with the number of electrons and basis functions. Recently, the density matrix renormalization group (DMRG) approach was introduced as a method to potentially obtain near-FCI quality solutions of the Schrödinger equation for quantum chemical Hamiltonians [2] [3] [4] . The results so far are promising. For example, DMRG was applied recently [3] to study the water molecule using a double-zeta atomic-naturalorbital (ANO) basis (41 basis functions), which is currently intractable with FCI.
Among the approximate approaches, coupled cluster (CC) methods have been the most successful, especially at equilibrium geometries [5, 6] . However, standard CC methods are non-variational and their computational cost grows rather steeply with the system size as well. For example, the most popular among them, CC with single and double excitations and with non-iterative triples [CCSD(T)], has an N 7 scaling with the size of the basis. Quantum Monte Carlo (QMC) methods are an attractive means for a non-perturbative and explicit treatment of the interacting many-fermion system. These methods tend to have favorable scaling with system size, often as a low power. The most established QMC method, the real space fixed-node diffusion Monte Carlo (DMC) method, has been applied successfully to calculate many properties of solids [7] and molecules [8] .
Recently, an alternative and complementary QMC method has been introduced [9] for realistic electronic Hamiltonians, based on a field-theoretic approach with auxiliary fields.
The central idea of auxiliary-field (AF) QMC methods is the mapping of the interacting many-body problem into a linear combination of noninteracting problems coupled to external AFs. Averaging over different AF configurations is performed by Monte Carlo techniques. The basic formalism of AF QMC methods has mostly been applied to lattice models of strongly interacting systems [10, 11] . In these models, the simplified form of the two-body interactions makes possible an efficient mapping with real AFs. As a result, "only" a sign problem [12] occurs. Constrained path methods [12, 13] have been developed to approximately control the sign problem, which have been shown to be quite accurate.
The potential of AF QMC methods for realistic Hamiltonians has long been recognized and pursued [14] [15] [16] . However, wide and general applications were not realized because of a lack of control for the phase problem. Except for special cases, the two-body electronic interactions lead to complex AFs. The many-dimensional integration over complex variables in turn leads to an exponentially increasing noise and therefore breakdown of the method. The phaseless AF QMC method [9] was introduced to control the phase problem in an approximate manner.
In Ref. [9] , a general framework was developed on how to use importance sampling of the determinants to deal with the complex phase. An approximate constraint was then formulated with a trial wave function to constrain the paths in AF space and eliminate the growth of noise. Because of the constraint, the calculated ground state energy is no longer exact and is not variational. In applications to several sp-bonded materials [9, 17, 18] , it was shown that the method, with a plane-wave basis and simple trial wave functions, gave accurate results for systems from simple atoms to large supercells. The phaseless AF QMC method was also recently applied to the strongly correlated transition metal oxide molecules TiO and MnO [19] , again yielding results in good agreement with experiment using simple mean-field trial wave functions.
The success of the phaseless AF approach in solid-state applications with plane-waves has motivated us to extend it to a generic one-particle basis, targeting in particular quantum chemistry problems. Applying the new AF QMC method to such problems is very appealing, especially with the integral role basis sets play in quantum chemistry methods. This method allows QMC calculations using any choice of one-particle basis. It provides a framework for general many-body calculations which can import straightforwardly many of the well-established technologies from more traditional approaches. By importance-sampled random walks, the phaseless AF QMC method obtains the many-body ground state with an ensemble of loosely coupled independent-particle calculations which propagate with imaginary-time. The ground-state wave function is represented by a linear combination of non-orthogonal Slater determinants.
In this paper we report the first results from this effort. We discuss aspects of the new method when implemented with Gaussian basis sets. We present benchmark results on sp-bonded atoms and molecules. Allelectron total energies are calculated for various firstrow atoms and molecules, and compared with FCI and DMRG results where available or with CCSD(T) otherwise. The behavior of the method is also studied as a function of basis size, including an ANO basis [20, 21] in H 2 O and O 2 , each with 92 basis functions. We then test the method away from equilibrium geometries, calculating the equilibrium bond length and also stretching the bonds in the water molecule by a factor between 1 and 8 within a cc-pVDZ basis [22] . In all our calculations the trial wave function is taken to be a single Slater determinant from Hartree-Fock, either restricted (RHF) or unrestricted (UHF). Their effect on the accuracy is examined. The calculated energies with the optimal HF wave function typically show systematic errors of no more than a few milli-Hartree (mE h ) compared to exact results. For stretched bonds in H 2 O, our method exhibits better overall accuracy and more uniform behavior than CCSD(T).
An additional benefit of the present AF QMC implementation is its value for algorithmic studies. Compared to the plane-wave algorithm, the generic basis AF QMC method typically has much more effective basis sets. As a result, the basis size is often much smaller and the method is significantly cheaper computationally. Further, direct comparisons can be more easily made between the QMC results and those obtained with more established correlated methods, as indicated above. Extra ingredients such as pseudopotentials can be removed, with the only remaining uncertainty being the systematic error from the phaseless approximation. In this study, we take advantage of this feature to make detailed benchmark studies of the systematic error.
The rest of the paper is organized as follows. The phaseless AF QMC method is first briefly reviewed in the next section. We then describe its implementation with the Gaussian basis in Sec. III, together with some results to illustrate the behavior and characteristics of this approach. Section IV gives some of the details of the computational procedures. In Sec. V and Sec. VI, we present the results of our calculations, including calculations of the H 2 O molecule both at the equilibrium geometry and with stretched bond lengths, and total energies and energy differences (binding, ionization, and electron affinity) for various other first-row atoms and diatomic molecules. Finally in Sec. VII we make concluding remarks, together with a brief discussion of possibilities for further improvement of the new algorithm.
II. FORMALISM
The full electronic Hamiltonian for a many-fermion system with two-body interactions can be written in any orthonormal one-particle basis in the general form
where N is the size of the chosen one-particle basis, and c † i and c i are the corresponding creation and annihilation operators. Both the one-body (T ij ) and two-body (V ijkl ) matrix elements are known.
The auxiliary-field quantum Monte Carlo method obtains the ground state |Ψ G ofĤ, by projecting from a trial wave function |Ψ T using the imaginary-time propagator e −τĤ :
The trial wave function |Ψ T , which should have a non zero overlap with the exact ground state, is assumed to be in the form of a single determinant or a linear combination of Slater determinants. The timestep, τ , is chosen to be small enough so that H 1 andĤ 2 in the propagator can be accurately separated with the Trotter decomposition:
The action of the propagator e −τĤ1 on a Slater determinant yields another determinant. This is not the case with e −τĤ2 , which however can be written as an integral of one-body operators using a Hubbard-Stratonovich (HS) transformation [23] :
where the one-body operatorsv α can be defined generally for any two-body operator by writing the latter in a quadratic form, such asĤ 2 = − (4) can be applied stochastically by sampling an AF configuration, { σ α }. In the standard AF QMC approach, the projection is often done [12] as a path integral with paths of fixed length in imaginary time, using a Metropolis or heat-bath algorithm. This straightforward approach, however, will generally lead to an exponential increase in the statistical fluctuations with the projection time. The source of the fluctuations is that the one-body operatorsv ≡ {v α } are generally complex, since usually ζ α cannot all be made positive in Eq. (4). As a result, the orbitals in |φ will become complex as the projection proceeds. For large projection time, the phase of each |φ becomes random, and the MC representation of |Ψ G becomes dominated by noise. This leads to the phase problem and the divergence of the fluctuations. The phase problem is of the same origin as the sign problem that occurs when the onebody operatorsv are real, but is more severe because for each |φ , instead of a +|φ and −|φ symmetry [13] , there is now an infinite set {e iθ |φ , θ ∈ [0, 2π)} among which the Monte Carlo sampling cannot distinguish.
We used the phaseless auxiliary-field QMC method to control the phase problem. In order to implement a phaseless constraint, the method recasts the imaginarytime path integral as a branching random walk in Slaterdeterminant space [9, 13] . It uses a trial wave function |Ψ T and a complex importance function, Ψ T |φ , to construct phaseless random walkers, |φ / Ψ T |φ , which are invariant under a phase gauge transformation. The resulting two-dimensional diffusion process in the complex plane of the overlap Ψ T |φ is then approximated as a diffusion process in one dimension.
As mentioned earlier, the ground-state energy computed with the so-called mixed estimate is approximate and not variational in the phaseless method. The error depends on |Ψ T , vanishing when |Ψ T is exact. This is the only error in the method that cannot be eliminated systematically. The method has been applied to atoms, molecules, and simple solids, using a plane-wave basis and pseudopotentials, and has proved very successful [9, 17, 19] .
III. IMPLEMENTATION USING A LOCALIZED BASIS
With Gaussian basis sets, the matrix elements of interest to QMC and the overlap matrix can be imported from quantum chemistry programs. It is more convenient to use orthonormal basis functions, which ensure the usual commutation relations of the creation and destruction operators. To set up the Hamiltonian in Eq. (1), we first transform the non-orthogonal basis into an orthogonalized basis set. The one-and two-body matrix elements, T ij and V ijkl , are then expressed with respect to this basis via the transformation, based on the original matrix elements.
To carry out the HS transformation of Eq. (4), we first map the two-body interaction matrix V ijkl into a real, symmetric supermatrix
2 . This is then expressed in terms of its eigenvalues (−λ α ) and eigenvectors
The two-body operatorĤ 2 of Eq. (1) can be written as the sum of a one-body operatorĤ 
where the one-body operatorv α is,
Note thatv † α =v α for real basis functions, as is the case here. The form in Eq. (5) is now amenable to the HS transformation of Eq. (4) .
In this case the number of the HS fields is equal to the number of non-zero eigenvalues (−λ α ) of the symmetrized two-body supermatrix. Other forms of decomposition and HS transformation are possible, and their efficiency and effectiveness with a constraint can vary.(For example, using a modified Cholesky decomposition will eliminate the need to diagonalize the supermatrix and potentially reduces the computational cost of synthesizing the matrix. However, this will generally lead to a larger number of HS fields, and hence increase the QMC computational cost.) We will defer further analysis of this freedom to a future publication.
To illustrate the method, we use the H 2 O molecule in a minimal STO-6G basis. This problem is small enough to permit detailed comparison with exact diagonalization. Starting from HF solution, the projection in Eq. (2) was applied using: i) the exact many-body propagator e −τĤ acting on the wave function expanded in terms of the exact eigenstates of the many-body HamiltonianĤ, ii) the free projection QMC method (no constraint imposed) Starting from the HF trial wave function, the total energy is plotted vs. the projection time β = n τ , as obtained using the free projection QMC (exact but suffers from the phase problem) and the phaseless approximation. For comparison, we show also the exact projection which is obtained form diagonalization of the many-body Hamiltonian. The phaseless QMC method tracks smoothly the exact projection with no sign of the uncontrolled fluctuations in free projection.
which is exact but suffers from the phase problem, and iii) the phaseless QMC which is approximate but controls the phase problem. Figure 1 plots the results of totalenergy mixed-estimator [9] , corresponding to these three calculations. Up to a projection time of β ≈ 2 E −1
h , both QMC methods show essentially the same convergence of the total-energy. For large projection times, the free-projection starts showing the phase problem in the form of large fluctuations. Around β ≈ 23 E −1 h these fluctuations diverge on the scale of the plot. For larger number of particles or larger basis sets, this divergence would have occurred at much earlier projection times β. The phaseless QMC method, by contrast, follows the exact projection with finite variance as the random walk proceeds.
In our implementation, we found it advantageous to first subtract the mean-field "background" fromv α before applying the Hubbard-Stratonovich transformation. In this case, Eq. (5) is replaced by,
where v α = Ψ T |v α |Ψ T andĤ ′′ 1 is the one-body operator:Ĥ
Equations (5) and (7) are equivalent. When the approximate phaseless projection is imposed, however, using Eq. (7) before applying the HS transformation leads to an improved behavior. We illustrate this point in Fig. 2 . Using the same STO-6G minimal basis, we plot the Trotter time-step convergence of the total energy of the H 2 O molecule, calculated with the HS transformations of Eq. (5) and Eq. (7), for both the phaseless QMC method and for (exact) freeprojection. For comparison, the ground state energy obtained from exact diagonalization is also shown. The Trotter extrapolated QMC energy (see inset of Fig. 2 ) is −75.72725(4) E h with the HS decomposition of Eq. (5) and −75.72849(5) E h with Eq. (7). Monte Carlo statistical error bars are on the last digit and are shown in parentheses. For comparison, the exact ground-state energy is −75.72799 E h .
Similar results and analysis have also been presented in phaseless AF QMC calculations in boson systems [24] . We comment that the issue in Fig. 2 is different from the shifted contour approach [15] , dispite formal similarities. With the importance sampling scheme of Ref. [9] , Eqs. (5) and (7) would both be exact and give the same results under free projection, since the mean-field shift is automatically applied via the importance sampling transformation regardless of which form ofĤ ′ 2 is used [25] . The different behaviors discussed above arise only because of the imposition of the phase projection to onedimension [9] , in which the substraction of the mean-field background helps to reduce the "rotation" of the random walkers in the complex Ψ T |φ -plane and thus the severity of the projection.
IV. COMPUTATIONAL DETAILS
We apply our method to several atomic and molecular systems, which were chosen primarily for benchmarking purposes and which have all been previously studied using well-established correlated methods such as coupled cluster (CC), full configuration interaction (FCI), or density matrix renormalization group (DMRG) methods. In these and in our QMC calculations, the core and valence electrons are fully correlated.
All the QMC calculations reported below used a single Hartree-Fock Slater determinant as the trial wave function. For all systems, QMC was done with the best variational single determinant, namely the unrestricted Hartree-Fock (UHF) solution. In addition, we have also tested the restricted Hartree-Fock (RHF) solution as the trial wave function in some cases. No additional optimization or tuning of the trial wave function was performed beyond the mean-field Hartree-Fock calculation.
The QMC code is interfaced with GAMESS [26] and NWChem [27] to import the Gaussian one-electron and two-electron matrix elements, the overlap matrix, and the trial wave function. All of our calculations are done using the spherical harmonics representation of basis functions.
We performed the FCI calculations using MOL-PRO [28, 29] and the coupled cluster calcuations using NWChem [27] . Unless otherwise noted, the coupled cluster calculations for atoms and molecules with a singlet state are of the type RHF-RCCSD(T) i.e. based on the RHF reference state, while those for a multiplet state are of the unrestricted type, UHF-UCCSD(T) based on the UHF solution.
V. EQUILIBRIUM GEOMETRIES
As a first test of our method, we calculate in this section total energies and binding energies for some wellstudied systems at their equilibrium geometries. The first subsection contains results for the water molecule in the vicinity of the equilibrium structure and the O 2 dimer at equilibrium bond length. The second subsection contains results for other first-row atoms and diatomic molecules, including total ground-state energies, binding energy, convergence with basis sets, atomic ionization potentials, and electron affinities. In the next section, we test the method by studying bond stretching of the water molecule.
A. H2O and O2
The water molecule has a long benchmarking history [3, [30] [31] [32] [33] . Table I presents Four different basis sets were used: minimal STO-6G, ccpVDZ [22] , and the double zeta (DZ) and triple-zeta (TZ) ANO bases of Widmark, Malmqvist, and Roos [20, 21] . For H 2 O, these have 7, 24, 41, and 92 basis functions, respectively. The H 2 O geometries were as follows: results using the minimal STO-6G correspond to positions (in Bohr) of O(0, 0, 0) and H(0, ±1.515263, −1.058898) with C 2v symmetry, while the cc-pVDZ results used the geometry of Ref. [32] . The DZ ANO and TZ ANO results were obtained with the geometry given in Ref. [3] . The QMC calculations used UHF trial wave functions. (For H 2 O, the RHF and UHF solutions are identical at the equilibrium bond length.) The FCI total energies of H 2 O/cc-pVDZ are those of Ref. [32] . FCI results for H 2 O are not within reach for the DZ ANO basis, but DMRG results are available from a recent study [3] , which are shown under FCI. The FCI energy of O/DZ ANO is also from Ref. [3] . Neither FCI nor DMRG is within reach presently for the TZ ANO basis.
We see that the agreement between the QMC, CCSD(T), and FCI results is quite good. As mentioned, the calculated ground-state energies in the present phaseless QMC method are not variational, which can be seen in the results in H ANO basis, respectively. The CCSD(T) method, which is highly accurate at this geometry, has errors of 0.06, 0.47, 0.48 mE h , respectively. In the TZ ANO basis, CCSD(T) and QMC yield binding energies of 0.3675 and 0.373(1) E h , respectively. As mentioned, the DZ ANO and TZ ANO calculations of H 2 O were for the geometry in Ref. [3] . Using CCSD(T), we verified that the experimental H 2 O geometry would lower the molecular total energy by 2.7 mE h and 4.0 mE h for the two basis sets. This would increase the binding energy by the same amount, and bring the CCSD(T) binding energy with the TZ ANO basis to good agreement with 0.370 E h , the basis extrapolated value of Feller and Peterson [34] . For comparison, the experimental binding energy of H 2 O is 0.3707 E h (with the zeropoint energy removed) [34] . Figure 3 shows a comparison of QMC and CCSD(T) results in the vicinity of the H 2 O equilibrium bond length, using cc-pVDZ and ANO double zeta basis sets. The angle between the two O-H bonds is fixed at the experimental angle of 104.4798 degrees, and we varied R/R e where R e = 1.81 Bohr is the experimental bond length [35] . For the cc-pVDZ basis, the CCSD(T) and QMC equilibrium bond lengths calculated from these curves are 1.007 R e and 1.007(2) R e , respectively. The corresponding values using the ANO DZ basis set are 1.003 R e and 1.006(4) R e .
We present results for the O 2 molecule in Table II . The experimental equilibrium bond length of R e = 1.2074Å is used for all of these calculations. Results are shown for the three larger basis sets used in the above H 2 O calculations. These include the cc-pVDZ and the DZ and TZ ANO basis sets, which give 28, 46, and 92 basis functions for O 2 , respectively. QMC and CCSD(T) results are again in good agreement. In the TZ ANO basis, the CCSD(T) and QMC binding energies are 0.188 and 0.192(2) E h , respectively. Our QMC value is in excellent agreement with our previous binding energy 0.191(4) calculated using pseudopotentials and planewaves [19] . Also for comparison, the basis extrapolated binding energy at the CCSD(T) level is 0.191 E h and the experimental value is 0.192 E h (with the zero-point energy removed) [34] .
B. First-row atoms and diatomic molecules
All-electron total ground-state energies
In Table III , we show the total energies of various firstrow atoms and diatomic molecules at the equilibrium geometry as calculated using RHF, UHF, CCSD(T), and also the FCI energies where available. For reference, we show also some available E ∞ est , the estimated experimental non relativistic, infinite nuclear mass energy [36] [37] [38] . These represent the estimated exact results at the infinite basis size limit, and are thus significantly lower than the CCSD(T), FCI, or QMC energies because of the small basis size chosen in these benchmark calculations.
For singlets where both RHF and UHF solutions exist, QMC calculations were done with each as a trial wave function, and both results are shown in Table III . In such cases, QMC with the best variational single Slater determinant as trial wave function, namely QMC/UHF, appears to always give better energy values. We discuss this effect further in Sec.VI with stretched bonds in H 2 O.
Our QMC energies are generally within a few mE h of the FCI or the CCSD(T) energies. It is interesting to note the cases of the berylium atom and molecule. The Be atom, which has a near 2s-2p degeneracy, has often been used as a benchmark in Green's function or diffusion Monte Carlo (DMC) studies [40, 41] . Optimized SlaterJastrow trial wave functions with a single determinant (1) a Ref. [39] b Ref. [39] are known to lead to significant errors, of ∼ 10 mE h , in the calculated fixed-node ground-state energy [40] . (This error is largely removed when multi-determinant trial wave functions are used to account for the near degeneracy. For example, DMC with an optimized SlaterJastrow trial wave function using four determinants is extremely accurate [40] .) In the present QMC method, the phaseless approximation using a single Slater determinant appears to be significantly less dependent on the trial wave function, with systematic errors of ∼ 1 mE h or less. Of course, the DMC calculations work in real configuration space and thus have the advantage of no finitebasis errors. Measured as a fraction of the correlation energy, the present QMC/UHF still has a substantially smaller systematic error, of about 2 Be/cc-pVTZ. Correspondingly, the Be 2 dimer is a notorious case in quantum chemistry [42] . A DMC calculation using optimized single-determinant trial wave functions did not obtain binding [43] . Our QMC/UHF total energies are within ∼ 2 mE h of CCSD(T), and the resulting binding energy with the larger cc-pVTZ basis is 5.5(4) mE h , in good agreement with the CCSD(T) value of 6.1 mE h . The finite basis-size errors are still significant at this basis size -at the CCSD(T) level, the binding energy is 3.6 mE h with the cc-pVQZ basis and 4.2 mE h with the cc-pV5Z basis. Thus a more detailed study is necessary before a direct and definitive comparison can be made between QMC and experiment (BE: 4.0 mE h ). The QMC result is consistent with the previous calculation using a plane-wave basis [9] , which should be at the infinite basis limit (aside from pseudopotential errors).
Ionization potentials and electron affinities
In Tables IV and V we present a summary of the calculated first ionization potential and electron affinity for first-row elements. For the ionization energy study, we used the cc-pVDZ and cc-pVTZ double-and triple-zeta basis sets [22] for all the elements. A few selected elements are then studied, using the larger cc-pVQZ basis sets. Also we looked at O with a cc-pV5Z basis set with 91 basis functions. For the electron affinity we used the aug-cc-pVDZ and aug-cc-pVTZ sets [46] . For comparison, we show the values calculated using HF, CCSD(T), and QMC, as well as the experimental data from Refs. [44, 45] .
The agreement between QMC and the coupled cluster CCSD(T) results is in general very good. For unstable or meta-stable negative ions (N − and Ne − ), the Hamiltonian expressed with a localized basis always yields an atomic-like ground state. In Tables IV and V, the total ground-state energies are not shown, but the mean difference between the QMC and CCSD(T) values among all the atoms and ions is less than 3 mE h . The negative charged F ion, F − /aug-cc-pVTZ, has the largest discrepancy of ∼ 7 mE h . An MCSCF study [27] showed that the RHF single determinant gives a rather poor description of the ion. We next examine the accuracy of our method in describing bond stretching. The ability of a computational method to deliver uniform accuracy as bonds are stretched/broken is obviously important in chemistry. It also provides an indicator for the potential accuracy of a method for solids, mimicking different levels of electron correlation. Our method uses a trial wave function in the constraint to deal with the phase problem. Almost all calculations to date, both with the plane-wave basis and in the present study, have used single Slater determinant trial wave functions. Since the quality of such wave functions decreases as bonds are stretched and correlation effects become more important, it is a significant challenge for the method to maintain its quality and obtain uniformly accurate results.
We apply our method to stretched bonds in H 2 O, which has served as an excellent benchmark system [3, 32] . Symmetric O-H bond length stretching is studied. The bond angle between the two O-H bonds is held fixed, while the O-H bond length is increased from its Table IV , but for the electron affinity and using the aug-cc-pVDZ and aug-cc-pVTZ basis sets [46] . (7) equilibrium value. We considered three different basis sets: STO-6G, cc-pVDZ [22] , and DZ ANO [20] . For the small basis, we used the same geometry as in Table I . For the two larger basis sets, we used the same geometries as those of Ref. [32] and Ref. [3] for comparison with their FCI and DMRG energies, respectively. The results are shown in Table VI . In addition to QMC/UHF, i.e., using the variationally optimal HF solution as the trial wave function, we also carried out QMC calculations using the RHF solution, in order to further examine the effect of the trial wave function. As bonds are stretched, static correlation becomes increasingly important. The RHF solution becomes inceasingly unfavorable compared to the UHF solution, which has the correct behavior in the dissociation limit. As can be seen in Table VI , QMC with the RHF trial wave function (QMC/RHF) performs worse than QMC/UHF, which is consistent with the trend seen in Table III . Indeed, the QMC/RHF results deterioate as the bonds are stretched, reflecting the qualitatively incorrect nature of the RHF trial wave function at large bond lengths.
In the range of bond lengths in Table VI , QMC with the UHF trial wave function gives roughly comparable accuracy as CCSD(T). For example, in the cc-pVDZ basis at 1.5 R e , QMC/UHF over-estimates the energy by 2.7(1) mE h , while CCSD(T) over-estimates it by 1.6 mE h . At 2 R e , both QMC/UHF and CCSD(T) under-estimate the energy, by 3.0(2) and 3.8 mE h , respectively. In the DZ ANO basis for 1.5 R e , QMC/UHF is above the DMRG value by 2.1(5) mE h , while CCSD(T) is above by 1.6 mE h .
Larger bond stretching of up to 8 R e is presented in Figure 4 , using the cc-pVDZ valence double-zeta basis. QMC results are compared with exact FCI [32] and with coupled cluster results using RHF and UHF reference states (CCSD(T) and UCCSD(T), respectively). The inset shows the errors of the various methods from the FCI numbers. CCSD(T) is excellent near equilibrium, but Table. I. The all-electron total energy of H2O is shown using three different basis sets: minimal STO-6G, cc-pVDZ, and DZ ANO [21] Energy (E is much worse at large bond lengths. (As mentioned, QMC with RHF trial wave functions would show similar behavior at large bond lengths.) UCCSD(T) performs much better for larger bond lengths, but is worse in the intermediate regime with errors larger than 10 mE h . Our QMC results are in good agreement with the exact energies, showing a maximum discrepancy of about 4(1) mE h , which occurs at 8R e . Together with the equilibrium results, the method is seen to yield rather uniform accuracy across these bond lengths. This is encouraging, given that it is achieved with the same choice, namely the variational UHF solution, as the trial wave function throughout the entire region.
VII. DISCUSSION AND SUMMARY
The present QMC method provides an approximate, but non-perturbative approach for many-electron calculations. It can directly incorporate traditional electronicstructure machinery, such as high-quality basis sets, effective-core potentials, etc. The method obtains the many-body ground state by building a stochastic linear superposition of non-orthogonal independent-particle solutions. Thus, algorithmically it shares many of the ingredients in more standard methods in quantum chemistry and solid state physics. Its computational cost scales with the number of basis functions as N 3 to N 4 . The accuracy of the present QMC method depends on the reference or trial wave function |Ψ T , which in this study is chosen as the HF state. As in coupled cluster methods, the trial wave function is the starting point of the ground-state projection, but in QMC all excitations are implicitly included by the projection. Errors arise from the phaseless approximation in the projection, which uses |Ψ T to approximate the phase of the contribution of a Slater determinant to the ground state, via the importance-sampling transformation.
We have found, as shown in Tables III and VI , that the most accurate energies are in general obtained using the best variational single determinant |Ψ T . This is simply the HF solution when RHF and UHF are the same (e.g., in the H 2 O molecule at equilibrium), and is the UHF solution when the two differ. In the latter case, the method seems relatively insensitive, within the unrestricted framework, to whether a Hartree-Fock or hybrid B3LYP Slater determinant is used.
In contrast to the diffusion Monte Carlo (DMC) method, the present QMC must deal with finite basis-set errors and basis-size convergence. However, the ability to use any single-particle basis can also be advantageous. For example, in addition to the connection to quantum chemistry methods, our new method also makes possi-ble QMC calculations for general model Hamiltonians, which are frequently used in the study of correlated electron systems. Like the present AF QMC method, DMC is also approximate, using a trial wave function to impose the fixed-node approximation to control the sign problem. The trial wave functions that have been used in our method are much simpler. Because of the complementary nature of the two different methods, direct comparisons are not always straightforward. Indications from the current calculations and earlier plane-wave studies are that the systematic accuracy of the phaseless approximation compare favorably with fixed-node DMC.
In summary, we extended the recently introduced phaseless QMC method to handle any one-particle basis, and applied it to atoms and molecules using Gaussian basis sets. Overall, our results at and near the equilibrium geometries are roughly comparable to those obtained using CCSD(T), but are superior for bond stretching. Our preliminary results (to be published elsewhere) on bondbreaking in several diatomic molecules show similar uniform accuracy. For a first application, these results are quite encouraging. There are many possibilities for further improvement of the method. Currently, we are investigating different forms of Hubbard-Stratonovich transformations, possibilities for better scaling, as well as applications of the present method in transition metal oxides and other systems.
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